In one space dimension, the phenomenological sedimentation-consolidation model reduces to an initial-boundary value problem (IBVP) for a nonlinear strongly degenerate convection-di usion equation. Due to the mixed hyperbolic-parabolic nature of the model, its solutions are discontinuous and entropy solutions must be sought. In this contribution, we review recent existence and uniqueness result for this and a related IBVP, and present numerical methods that can be used to correctly simulate this model, i.e. conservative methods satisfying an entropy principle. Included in our discussion are nite di erence methods and methods based on operator splitting, which are employed to simulate the settling of occulated suspensions.
INTRODUCTION
In this contribution, we consider the quasilinear strongly degenerate parabolic equation @ t u + @ x g(u; t) = @ 2 x A(u); A(u) := R u 0 a(s) ds; a(u) 0; g(u; t) := q(t)u + f(u) (1.1) on a cylinder Q T := T , := (0; 1), T := (0; T), T > 0. We allow that a(u) = 0 on an interval 0; u c ], where equation (1.1) is then of parabolic type, and that a(u) may be discontinuous at u = u c . The ux density function f(u) is (for simplicity) assumed to be piecewise di erentiable with supp f 0; 1] and f(u) 0, and q(t) is a nonpositive piecewise di erentiable Lipschitz continuous function. These assumptions are motivated by the model of sedimentation-consolidation processes of occulated suspensions presented in 5, 6] , to which we come back in x 1.4 . Moreover, we require that kf 0 k 1 1, TV T (q) < 1 and TV T (q 0 ) < 1. We consider two di erent IBVPs. Problem A consists of equation (1.1) together with the initial and boundary conditions u(x; 0) = u 0 (x); x 2 ; u(1; t) = ' 1 (t); (f(u) ? @ x A(u))(0; t) = 0; t 2 T : (1.2) This problem has been studied previously by B urger and Wendland 4] . The second IBVP, Problem B, is obtained from Problem A if the boundary condition (1.2) 3 is replaced by (g(u; t) ? @ x A(u))(1; t) = (t); t 2 T : (1.3) Let ! " be a standard C 1 molli er with supp ! " (?"; ") and de ne a " (u) := ((a + ") ! " )(u) and A " (u) := R u 0 a " (s)ds for " > 0. For Problem A, the assumptions on the initial and boundary data can be stated as ' 1 (t) 2 0; 1] for t 2 T ; ' 1 has a nite number of local extrema; (1.4) u 0 2 fu 2 BV ( ) : u(x) 2 0; 1]; 9M 0 > 0 : 8" > 0 : TV (@ x A " (u)) < M 0 g; (1.5) while for Problem B we require that (1.5) is valid and that either 0 or that there exist positive constants and M g such that a(u) ? (q(t) + f 0 (u)) M g uniformly in ".
Note that if a( ) is su ciently smooth, then it is su cient to require that TV (@ x u 0 )
is nite. Multi-dimensional problems are treated in 2].
ENTROPY SOLUTIONS
It is well known that due to both the degeneracy of the di usion coe cient a(u) and to the nonlinearity of the ux density function f(u), solutions of equation (1.1) are discontinuous and have to be considered as entropy solutions.
De nition 1 ( 1] . To prove that u is an entropy solution of Problem A or B, it has to be shown that the di usion function A(u) has the required regularity. In both cases, it is fairly easy to show that k@ x A " (u 
Remark 1 The proof of Theorem 3 (see 1]) is not based on a jump condition, in contrast
to the uniqueness proof by Wu and Yin 20] . In fact, it is not clear whether a jump condition can be derived with integrated di usion functions A(u) that are only Lipschitz continuous. Moreover, it has been possible to derive jump conditions only in the 1-D case so far, while the new uniqueness proof can also be extended to multidimensions.
NUMERICAL METHODS
This section provides the necessary background for the development and application of numerical methods for mixed hyperbolic-parabolic problems.
Finite Di erence Methods
To focus on the main ideas, we consider here the simpli ed problem
( 1.16) where (x; t) 2 Q T = IR (0; T) and f = f(u), A =
are su ciently smooth functions. The di erence methods described here can be easily modi ed to solve the full sedimentation-consolidation model. The material presented here is based on the series of papers by Evje and Karlsen 10, 11, 12] , see also 3].
Selecting a mesh size x > 0, a time step t > 0, and an integer N so that N t = T, the value of the di erence approximation at (x j ; t n ) = (j x; n t) will be denoted by u n j . There are special di culties associated with equation (1.1) which must be dealt with in developing numerical methods. For example, numerical methods based on naive nite di erence formulation of the di usion term may be adequate for smooth solutions but can give wrong results when discontinuities are present, see 11, 12] for details. It turns out that it is preferable to use a conservative di erencing of the second order term and upwind di erencing of the convective ux and, i.e., a di erence method of the form As is well known, upwind di erencing stabilizes pro les which are liable to undergo sudden changes, i.e., discontinuities and other large gradient pro les. Therefore upwind di erencing is perfectly suited to the treatment of discontinuities (and thus of the sedimentation model). Let u , = ( x; t), be the interpolant of degree one associated with the discrete data points fu n j g. Regarding the sequence fu g, we have: Theorem 4 ( 11]) The sequence fu g built from (1.17) converges in L 1 loc (Q T ) to the unique entropy solution u of (1.16) as ! 0. Furthermore, fA(u )g converges uniformly on compact sets K Q T to A(u) 2 C 1;1=2 ( Q T ) as ! 0. Sketch of Proof. An important part of the proof of this theorem is to establish the following three estimates for fu n j g: (a) a uniform L 1 bound, (b) a uniform total variation bound, (c) L 1 Lipschitz continuity in the time variable, and the following two estimates for the discrete total ux F(u n ; j) ? + A(u n j ): (d) a uniform L 1 bound, (e) a uniform total variation bound. We refer to 11] for details concerning the derivation of these bounds. Then, using the three estimates (a)-(c), it is not di cult to show that there is a nite constant C = C(T) > 0 (independent of ) such that ku k L 1 (Q T ) + ju j BV (Q T ) C.
Hence, the sequence fu g is bounded in BV (K) for any compact set K Q T . It is thus possible to select a subsequence that converges in L 1 (K). Furthermore, using a standard diagonal process, we can construct a sequence that converges in L 1 loc (Q T where `;? ; `;+ are the backward and forward di erences, respectively, in direction`, for = x; y, and F; G are convective numerical uxes that are consistent with f; g, respectively. Roughly speaking, one can choose F; G to be any reasonable numerical ux for hyperbolic conservation laws. Let 
Operator Splitting Methods
There are essentially two ways of constructing methods for solving convection-di usion problems. One approach attempts to preserve some coupling between the two processes involved (convection and di usion). The nite di erence methods considered in the previous section try to follow this approach. Another approach is to split the convectiondi usion problem into a convection problem and a di usion problem, which are then solved sequentially to approximate the exact solution of the model. The main attraction of splitting methods lies, of course, in the fact that one can employ the optimal existing methods for each subproblem. The splitting methods presented here are similar to the splitting methods that have been used over the years to simulate multi-phase ow in oil reservoirs. We refer to the lecture notes by Espedal and Karlsen 9] for an overview of this activity and an introduction to operator splitting methods in general. For simplicity of presentation, we restrict ourselves to multi-dimensional Cauchy problems of the form @ t u + r x f(u) = x A(u); u(x; 0) = u 0 (x); (x; t) 2 Q T = IR d (0; T): (1.20) We emphasize that the numerical solution algorithms and their convergence analysis presented below carry over to more general convection-di usion equations. To describe this operator splitting more precisely, we need the solution operator taking the initial data This solution operator we denote by S(t). Similarly, let H(t) be the solution operator (at time t) associated with the parabolic problem @ t w = x A(w); w(x; 0) = w 0 (x):
Now choose a time step t > 0 and an integer N such that N t = T. Furthermore, let t n = n t for n = 0; : : : ; N and t n+1=2 = (n + 1 2 ) t for n = 0; : : : ; N ? 1. We then let the operator splitting solution u t be de ned at the discrete times t = t n by u t (x; n t) = In what follows, we shall outline a fully discrete splitting method for the rst sedimen- Note that the ordering of the operators in (1.24){(1.26) is di erent from the ordering used in (1.23). The splitting (1.24){(1.26) can be analysed using the techniques of 13] together with an appropriate treatment of the boundary conditions (details will be presented in future work).
APPLICATION TO THE SEDIMENTATION-CONSOLI-DATION MODEL
To illustrate the application to the sedimentation-consolidation model, we employ the splitting (1.24){(1.26) to simulate the batch settling of an initally homogeneous suspension 
